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Abstract 



We present a set of Feynman integrals appearing in calculations of different 
QED processes to the one-loop accuracy. We consider scalar, vector, and 
tensor integrals with two, three, four and five denominators. The cases of 
t::;;P . equal and different fermion masses are considered. Results obtained are valid 

I in the region where all kinematical invariants are large compared to the masses 

' squared. Mass corrections for some scalar integrals in the case of different 

■ fermion masses are also given. 

o 

1 Introduction 

^ ' This paper is an electronic version of our preprint [1] from year 1998. Since that 

time the Table of integrals was used by our group in several calculations of 1-loop 
QED radiative corrections to various processes at high energues. It might be useful 
also for some more applications, estimates and cross checks. 
I We give below a list of 4-dimensional integrals in momentum space which were 

used in calculation of 1-loop radiative corrections to the inelastic processes of kind 
e~^e~ e"'"e~7 and /i~e" — >• fJ^'e'j at high energies. For definiteness we consider 
the case when all the scalar products of external 4-momenta are large compared to 
the mass of external real particles squared PiPj ^ pj = m"^- We omit systematically 
terms of order m^/piPj compared to ones of order unity and restrict ourselves to 
consideration of scattering type Feynman diagrams only. Remaining ones can be 
obtained by application of crossing and analytical continuation transformations. We 
introduce the ultraviolet, infrared cut-offs and do not use the dimensional regular- 
ization. In paper of one of authors [4] 1-loop integrals, related to the 2^2 type 
Feynman diagrams, were considered. Here we give a set of integrals for description 
of inelastic 2 — 3 type processes. Our paper is organized as follows. In the first part 
we consider the 4-momentum integrals, appearing in one-loop vertex and five-point 
diagrams. The cases when fermions have different and equal masses are considered. 
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They may be helpful in constructing the five-point diagrams with one or two exter- 
nal ofi^-shell mass particles . Scalar, vector and tensor integrals are considered up 
to the case of four denominators. Tensor integrals are calculated up to a third rank. 



2 Five— point Feynman diagrams 

The case of equal fermion masses. 

Typical process: e"'"e~ —>■ e'^e~j 

2.1 Notations 

Pi ^ P i 

k 

-P2 -P2 




Figure 1: Five— point Feynman diagram 



'^'^^ - J ZTT^ {i){j){km{m) ^ ' 

(1) = (pi - kf - m\ (2) = (pi - A;i - kf - m\ (3) = (pa + kf - m\ (2) 
(4) = {q- kf - (5) = k^- W 

Invariants 

Xi = Ipiki, xi = Vi^i, X2 = '2p2ki = s- si - xi, 
X'2 = V2^i = s-si-x'i, s = {pi+ P2f, si = {p[ + p'^f, 
t = q^, q = p'2- P2, h = q'"^ = t + Xi - x'l, l' = P'l - Pi: 

Xi + X2 = s- Si, pI=pI= p'l = p'l = VP?, k\ = 0. (3) 



Lt = ln(^), L. = ln(^), La = In (^) , = In (S) , (4) 
Li2(;.) = -/o^^ln(l-x), 
— — xxs — iO, Vi — — xxsi — iO, where x — 1 — x (5) 

Throughout the paper A is an UV cut-off parameter and A is a fictitious photon 
mass. 



2 



2.2 Two-propagator integrals 
2.2.1 Scalar integrals 



dxln 



xm — xx\ 
A2 



h2 — — 1 + La, Ii3 — — 1 

l25 



f 

Jo 



dx In I — 1 = 1 + La - -Ls + ivr, 



1 + I/A - Ly' + iTT, 



-/ 

Jo 

/•I (vl\ 

= 1 + La - , = 1 + La - Lj. (6) 



V A2 



2.2.2 Vector integrals 



-'12 



7-M 
-'14 



TIJ- 

-'24 



-'34 



-'35 



-'25 



1 1 



Pi 



La - 



Pi 

2 V2 



|(i-LA)./a = fe-*:-P.)''(i + ii^-iL,. + f). 



2.3 Three-propagator integrals 
2.3.1 Scalar integrals 



(7) 



I123 
I345 
I124 
I125 



L 



-I 



S — Si 

1 dx 



•1 dx^^ fV^^ 



S — Si 



x'^m? + 
1 dxdy 



In 



' m^x'^ 
—tx 



xyx'i - ym? x'l 



-/■ 

^0 



dxdy 



xyxi + ym^ xi 



- C(2) - zttL,; 
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'134 



'235 



-^135 
-^234 
-^245 



= -/■ 

^0 



dxdy 



yV^ - xyx'i s - x'l 

dxdy 



hi + hi, - 2L,L,; + 2Li, ( 1 - ^ 



1 



yVf + xyxi si + Xi 



lLl + hl-2L,,L^,-9C{2) 



Xi 



+ 2Li2 + m {2L^, - 

1 dx , 

= — / — ^ in 

2 Jo 



A2 



1 
s 

1 dx _ l_ 

2 Jo Uv 



^L2-L3L,-4C(2) + ^7r (L, - L,) 



hl-L,,L,-4a2) + zn{L,-L,,) 



dx 



In 



2 2 

X m 



1 



xxi — a;t — ,x^m^ V^Xi— Xi + ^ 



h^ - h^ 
2 * 2 ^1 



+ 2Li2(l-^ 



-^145 — 



d.vdij 



yx'^m'^ — yxt — yxxx'i Xi ~ t 



2 ^1 2 



3C(2) 



2Li2[l + ^ 



inL 



2.3.2 Vector integrals 
The parameterization reads 



Q245 — — C245 — 
1 



d 



245 



0145 — 



t + Xi 

1 

xi-t 



t + Xi 

-Lt- 



1^2 1.2 



-L,^--L^^+L^,-L, + 2Li2(l-^ 



Xi 



6245 = 



Xi 



t + Xi 



-L'j - -Ll + 2L^, - 2Lt + 2U2 ( 1 - — 



2L 



Lt - 2i7r + — 



2 * 2 ^1 



+ 2L^/ - 2Lt + 3C(2) + 2Li2 (^1 + ^ j + in (l^; - 2 

1 



-'145 



0, C145 — (ii45 



Xi-t 



Lt — L^'^ + in 



fl345 — ~C345 — — (i345 — -Lj, 6345 — - 



-^L2 + 2L,-4C(2) 



(12) 



0125 — — 



1 

Xi 



^^xi+^xi-2C(2) 



, &125 = di25 = 0, C125 = — [L^i - 2] . (13) 

Xi 



0235 

^235 



+ 
+ 



-C235 = 
1 

Si + Xi 

Xi 

si + Xi 



si + Xi 



— + in 



- 2L^, - ^-Ll^ - hi + 2L,,L^, + 9C(2) - 2Li2 (l + 



m (-2 - 2L^, + 



(14) 



ai35 = -&135 = - [-f's - ^Tt] , C135 = di35 = 0. 
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(15) 



O234 — 
+ 

C^234 = 



"C234 — ~^'234 ~ C?234 — — 

Si 



in (1 + La - L^J 
1 

Sl 



, &234 = 0234 - ^234 = — [-Lg^ + in] , 

+ LsM + 2Ls, + 4C(2) + in (-2 + L,, - Lx) 



(16) 



0-134 
&134 



Ol23 — 
&123 = 
+ 



Lg — 2Ly' + in 



2s 



s-Xi 

^134 — IlM 



Xi 
1 



s-Xi 



si 



134 



s-Xi 



—Ls + in — 



2x1 
s-x'i 



Lg - L^f^ 



+ X'l^: 



134 



Ci34 = d 

Ol24 
Cl24 



134 



s - Xi 



Ly^i^ — in -\- 



2s 



s-Xi 



Lg - L^i^ 



si 



'124 



Xi 



- C(2) - inL^, 



, d 



124 



Xi 



X'l 



134 



— L^'^ + in 



, bi24 = 0. 



''123 ~ -'123 



^123 — 



S — Sl 



- ^^li -Lg + Lg^ + in {Lg^ - Lg) 



[Lg — , di23 — 0, Ci23 



S — Sl 



S — Sl 



S — Sl 



Lg-^ —2 — in 



1 1 



-Li + -L' + 2Lg - 2Lg, + in {Lg - Lg,) 



(17) 



(18) 



(19) 
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2.4 Four-propagator integrals 
2.4.1 Scalar integrals 



'1245 



'2345 



'1345 



'1235 — 



' 1234 — 



^0 



dxdy 



[xyxi - yt] [ym'^ - xyx'i] xiXi 

+ 2L^^Lt + 2L^i^Lt + 4C(2) + ivr (2L^, + 2L^; - 2L 



1 dx 

tJo v! 



1 

Sit 



+ 2L,,Lt - 5C(2) + in {2L^, - 2Lt - 2L,, + L^) 



_ 1 /-idx 
~ tJo 
1 



xXi 



Ll - LsLx - 2L,L^; + 2LsLt + 7C(2) + in (2L^; - 2Lt + Lx) 



St 

1 dx 

x'Jo 



Sl\ 



In 



sxi 



— 2LsLy^^ + LgLx 



5C(2) + 2Li2 ( 1 - + iTT (-2L,, + 2L^, - L^^ 



1 



SiXi 



L.jLx - 7C(2) - 2Li2 (^1 - -j + in (2L, - 2L,i - 2L^; + La) 



Useful integrals 

1 da; 
P2 



2 

s 

1 r 



p2 



-Ll + 8C(2) + 2mL 



1 dx , 1 
mo; = - 



-Ll-Cm-znL, 



1 dx 

V , 



L' + 8C(2) - 2Li2 1 - - + 2mL 



(20) 



(21) 



2.4.2 Vector integrals 

Parameterization 



^ijkl — '^ijklPl + bijklP2 + Cijklki + dijkiPi 



(22) 



Ctl245 = . , ^1245 = 0, Ci245 — 



A ' 



C?1245 — 



A(3) 



(23) 
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= -2tlXlX'i, A^^) = X'l -X'lh24 + Xl/125 + (Xl + t)l2A5 

+ (Xi - t - 2xi)/l45 + Xl(xi - 2(t + Xl))A245 
= h [-XU124 - Xl^l25 + (Xl + i)^245 + (x'l 



A(') - Xi[x'i/i24 



t)h45 + XlXiA245] , 

Xi/125 + {xi + t- 2x'i)/245 + (x'l - t)h45 + Xix'i/1245] (24) 



A(i) A(2) A(3) 

O1235 = ^1235 = ^1235 = ^1235 = 0, (25) 

A = -2sxiX2, 

A^^^ = X2 [(Xl + X2)/l23 - Xl^l25 - 5^135 + (s - X2)h?,b " SXl-^1235] , 

A^^^ = Xl [-(Xl + X2)/l23 + X1A25 - -5^135 + (S + X2)/235 - SX1A235] , 

A^^^ = s[(Xl - X2)/l23 - X1A25 + s/l35 - (S - X2)/235 + SXl-^1235] ■ (26) 



O1345 = ^1345 = ^1345 — dlMb — ^ (27) 



U = -S - t + x'l, A = 2stU, A(^) = -{-SU + txi)^134 + S{S + t)/i35 

ti-S + t)Isi5 - {-tu + SX[)IU5 - St{s + t)/l345, A^^^ = -("XlM + St)/l34 
^(^ - X'l)A35 + t{2s + t - x'i)/345 - it- X'l)^^145 + ^^(^ " x'l)^1345, 

A(^) = s [(s + 2i - x'i)/i34 - s/135 - ^^45 - (^ - Xi)^i45 + s^i'ms] ■ (28) 



+ 

- s( 



A(i) A(2) A(3) 

02345 = — C2345 = ^2^^^ ~ ~A~' ^^^^^ ~ ~A~' ^^^•^ 

Ml = — Si— t — X15 A = 2sit-ui, 

A^^) = -«1 [-(t + Xl)^245 - Sl^234 + (Sl + Xl)^235 + ^^45 - Sl^-^2345] , 

A(2) = _(t + ;^i)2/245-Si(t + ;^i)/234 +(-XiMi-Sit)/235 

+ t(2Si + t + Xl)/345 + Sitit + Xl)/2345, 

A(3) = (_;^^M^_Sit)/245 + Si(Si + 2t + Xl)/234 -(Sl + Xl)'^235 

- t{si + Xl)-^345 + Sit{si + Xl)-^2345- (30) 



A(2) A(2) A(2) A(^) 

01234 = -^1234 H ^'1234 = ^^^^^ ~ ~-^1234 1 

A(i) A(2) 

C?1234 — —-^1234 H 7 7—, (31) 
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A = 2sixix2) X2 = «-Si-xi, 

^^^^ = X2 [-(S - Sl)-^123 + (-S - X'i)/l34 + xUl24 - Si/234 + SlX'1/1234] , 
^^^^ = X'l [{S - Si)Ii23 + (2Si -S + Xi)/l34 - Xi^l24 " Sl-^234 + SlXUl234] , 
A^'^ = Si [(X2 - Xi) ^23 - (S - X'l)^134 + XU124 + Sl/234 - SlXiA234] ■ (32) 

2.4.3 Tensor 

Parameterization 

^ijkl = 9ijkl9^^ + '^IjklPlPl + ^IjklP2P2 + '^Ijkl^lK + dJjklPlPl 
+ (^Ijki {P1P2 } + Pljkl {PlK } + 7»^M {P W } 

+ pJjkMpr} + 4ki{P2kn + rrMpTK}, (33) 
where {• • •} means symmetrization with respect to Lorentz indices: {v/^Ui,} — v^Uu + 



9l245 = \ [2-^124 - ai24 " XlCl245 + (^ + Xl)dl2Ab] , 
^1245 — T X'l(~-^124 + 0124 — C145) + ^lOug — (^ + Xl)c^245 

^iXi L 

+ tlXl«1245 - Xl{t + Xl)c^l245 
^1245 = T [^l(~-^124 + 0124) +X1C125 + (^1 - Xl)ci45 - XlX'lCms] , 

XiXi 

^1245 — T T [Xl(~-^124 + ^124 — 0245) + (^1 — Xl)Cl45 — ^lC^245 — X1XW1245] , 

IlXl 

/5l245 = [—-^124 + ai24 + C145 + X1C1245] , ^1245 = ^^245 = Pl245 = ^1245 = 0' 

Xl 

7m5 = — [A24 - ai24 + 0245 + Cl45 + (^ + Xl)^^1245] , 

"^ms = — [--^124 + 0245 + X1C1245 + Xl)c^l245] ■ (34) 

Xl 



5'l235 — 2 [^-^123 — ^123 + ^123 " X1C1235] , 

a?235 = — [X2/123 - (Xl + X2)ai23 + Xl«125 " X1X2C1235] , 

^Xi 

1 



^1235 



SX2 



Xl(-^123 - 0235) + (Xl + X2)&123 - X2&235 - X1C1235 
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C?235 = — — [s{h23 + &I23) - (-S - X2)a235 + X2C123 " SX1C1235] , (^^235 = 0> 
X1X2 

J. 1 y 1 

'^1235 — ~ ["-^^123 + O123 ~ O235 — 6123] ) P1235 — [~-^123 + ^123 + X1C1235] , 

^ Xl 

^1235 = [--^123 + 0235 " ^'123 + X1C1235] , 7l235 = Pl235 = ^1235 = 0" (35) 

X2 



5'l345 — 2 ^^^^^ ~^ ^^1345] , 6^345 — - 6134 — 6345 — (x'l — ^)Pl345 



••1345 



[{s + tfliM + ^(xi - s - ^)«i45 - {s{s + + ixi)«i34 



st{x'i-s-t) 

+Xl{s + i)(Cl45 - C134) + t{s + t)^Ci345], 
^1345 = ^1345 = ''■^45 = [(X'l - ^)(Cl45 - C134) - S(6i34 - tei345)] , 

ttms = - g - t) t"^*--^'! ~ * ~ ^^"^^^ ^^'1 ~ ^^^^^ ~ ^^^^^ 

- sxi (ai34 - /134) + s^xici345] , 

/5?345 = 7^345 = 7^^ 77 [(« + ^)(^134 - ^1345) - X'l(ci45 - C134)] , 

HXi -s-t) 

= f^Ls = -jT-; 77[(xi(xi -t)- St)Ci34 " (x'l " tfc^iZ 

st{Xi - S-t) 

+ t{x'i - S - t)a345 + S{x'l - t)bi34 - St{x'i - t)ci345]- (36) 



fl'2345 — 2 ^"^^^^ Xl'^2345 + (^ + Xl) 1^2345] , C>^2345 ~ "'^2345 ~ — [~Xl'2235 

— ^0345], 02345 = C2345 = — /3^45 = ^ [—^0345 — (Si + Xi)Q235 + 51^02345] , 

b2345 = —Tf T -17 [^1^(^235 " ^345) - Xl{t + Xl)«235 

SlHXl + Si+t) 



•^2345 



^(^ + Xl)a345 - Sit{t + Xl)^'2345], 

(Xl + Sl) 

iXi + si + t)'""'^ 



(^245 — C?234 — 



Sl^(Xl +Sl+t) 



Sit(a245 ~ ^234) 



+ t{xi + Si)au5 + (Xl + Sl) «235 - Sit{xi + Sl)a2345 
72345 = -'^2^45 = —IT 7 — 77 [Slt(a245 - 0234) + t (Xl + Sl)a345 

+ (Xi + si)^a235 -sii(xi + 51)02345], 

P2345 = \ --7 [-51^234 + Xl(Xl + -Sl)a235 +^(Xl + 'Sl)«345 

- SitXia2345 - Sit{xi + t)d2345]- (37) 
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T 
yi234 



-1234 



"1234 



a 



1234 



T 
7l234 



T 
Pl234 



'1234 

where 

Sl234 

^'1234 
Cl234 



0;i234 



-^123 — Xl 



J. _ A(2) ~ T _~ 

) ^1234 — 2-^^ h A234 + ^'1234, &1234 — ^1234, 



A(2) A(3) 

= 2-^^ 2-^^ h 7i234 + &1234 + C1234 — 271234, 

— 2 — : 2— h /1234 + Cfl234 + ^1234 ~ 2Q!i234, 



A 

A(2) 



+ &1234, A 



^ _ A(3) A(2) 

1234 = ~~J^ 2— /1234 — ^'1234 + 71234, 



A 

A(i) A(2) 

— ^ 2—^ InZi — ^'1234 + <5l234, 

A(2) ^ y _ A(2) 

O1234 + Q;1234, Cri234 — "1234 + 7l234, 

^(2) ^(1) ^(3) . ^ . ^ 

2— T T T h /1234 + ^1234 — «1234 + /5l234 " 7l234, 



1 

S1X2 
1 

xiX2 



Xi(-^124 - /l23 + C?124) - (Xi + X2)^123 " XiX2 



A(3) 



-Xi(^134 - /l23 + C134) + (xi + X2)(^123 " &I34) " Xi' 



A(3) 



(Sl + X2)(-^123 - A34 + fcl23 - fcl34 " C134) + X2C123 



,A(3) 



siXr 



— [—^'134 — C134 — /134] , /3i234 — — T 
Si Xl 

1 



^'123 + xi 



A(3) 



71234 = — 
X2 



"^123 + ^134 + C134 + /i34 — /i23 + Xi 



A(3) 



2.4.4 Pentagon 

Following ref. [2] we express the pentagon diagram in terms of box graphs. 

/12345 = [A(1)/2345 + A(2)/i345 + A(3)/i245 + A(^)/i235 + A(5)/i234] , 

where 

A = 2ssitxixi, A(^) = Sit [-(s - si)t - sxi - Sixi - XiXi] , 
A(2) = St [{s - si)t + sxi + sixi - Xixi] , 
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A^^) = XiX'i [-(s + si)t - sxi + six'i + Xix'i] , 
A^''^ = sxi [{s - si)t + sxi - six'i - XiXi] , 
A^') = six'i [(5 - si)t - sxi + six'i + XiX'i] ■ 



The case of different fermion masses. 

Typical process: /x~e~ —>■ iJ>~e~j 

2.5 Notations (see fig.l) 

ijklm 



tTT^ {t){j){k){l){m) 



(1) = (pi - kf - m\ (2) = (pi -k,- kf - m^ (3) = (p2 + A;)^ - ^ 
(4) = (g - kf - A2, (5) = A;2 - A^. 



Invariants 



Xi = 2piA;i, xi = 2p'i^i, X2 = 2^2/^1 = s - si - xi, 
X2 = 2p'2A;i = s - si - xi, s = (pi + P2)^ si = (K + P2)^ 

t = g = P2 - P2, = g'^ = t + xi - xi, g' = pi - pi, 

Xi + X2 = s - Si, pI = Pi = m^, pI = p'i = kl = 0. 




U2{z) = - —ln{l-x). 
Jo X 

V'^ — m'^x+fj,^{l—x)—xxs—iO, Vi — 'm'^x+fj,'^{l—x)—xxsi—iO, where x 
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2.6 Two-propagator integrals 
2.6.1 Scalar 



/l2 
/l4 

/25 



-1 + -^>A„, /l3 = 1 + -^A^ - 
1 + ^A™ - ^x'l™ + ^15 = ^24 
-^35 = 1 + -^A^ , -?^23 = 1 + -^A,, — 
1 + -f'A^ - -f'xim ' -^45 



1 + 



1 + La - Lt 



(47) 



2.6.2 Vector 



-'12 



-'14 — 



-'24 



TlJ- 
-'34 



-'23 



-'25 



I)" 



i^l - — I I - 2) ' = (Pl - P2)^ (1 + -La„ - -L,^ + 
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(48) 



2.7 Three-propagator integrals 
2.7.1 Scalar 



-^123 — 

-^124 = 

-^134 = 

-^235 — 



S — Si 
1 



^L^, - C(2) - iTiLy 



, -^125 — 



, I345 — 

2 Xlm 



^? +4C(2) 



2 

2C(2) 



-L^ +-L2, -2L, +2Li2 ( 1 - — 1 +i7r 

9C(2) 



2 ^IM 



2 



si + Xi 



'135 



L^^ - L,^L,^ + ZTT (L,^ - L,J - 4C(2) + 2 In^ ^ + 2 In 



t2 



m 



m 



12 



-'234 

-^245 
-^145 



1 

Si 



m 

1 
2 
1 



-L^^ - L,^L,,^ + ZTT (L,^ - L,,J - 4C(2) + 2 In^ ^ 

/i 



1 



1 

2 Xlm 

1 



- ^^v,™ + 2Li2 ( 1 - 



-t 



-Li, - -Li - 3C(2) - 2Li2 1 + — - mL^, 



2.7.2 Vector 

Parameterization 



^245 
^'245 



~C245 



1 



— 0, (^245 — 



1 



L^., - + 2Li2 1 - 

Aim '•m ' \ 



Xi 



-if 

2 " 



2Lt, 



+ 2Li2(l-3^ 



Ol45 



1^145 

Ct345 

'^125 
Cl25 

0235 
^235 



t 



2Ly - - 2i7r + , 

. x'l-t 



xi-t 

2Lt^ + 3C(2) + 2Li2 (l + 4) + (^xl^ - 2) 
1 



—L? — —L^j + IL-^i 
2 *"i 2 '^1'" 



0, Ci45 — (ii45 
~C345 = — (i345 



1 



1 



J^ti,-, ^345 - - 



Xi L 2 ^i'" 
Xi 



Xlm 



2C(2) 



, ^125 — di2b — 0, 



1 



-C235 



Si +Xl 



, C?235 — 0, 



Si + Xi 



Ls^^ + ivr + 



Xi 



si + Xi 



ILs, .. — 2iv 



Xl/x 



2 2 



+ 2L,,^L^,^ + 9C(2) - 2Li2 (l + ^ j + (-2 - 2L^,, + 3L,,^) 
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ai35 = -^135 = - [Lsm - i^] , Ci35 = di35 = 0. 
5 



^234 
&234 
C^234 

0134 
&134 
Cl34 

Ol24 
Cl24 

Ol23 



= — C234 — — &234 — C?234 = — " -^'sip + ITT + Sihu 



Si 



0234 - -^234 = — -Lsi^ + ^TT 
Si L 

^1 



s-Xi 

a 134 — -^^134 



SfJ, 



2Lv' + in 



2s 



+ sL 



134 



s-Xi 



-Lsfj, + 177 - 



2x1 
s-x'i 



134 



— dlM — 



'124 



s-Xi 



L^i — iTT + 



2s 



s-Xi 



si 



X'l 



-Ll, - C(2) - iTTLy 



'■124 



Xlm 



134 



— Lv + in 



X'l 



-o4l. + ^xi.+C(2)-2 + z7r(L,;^-l 



124 



0. 



= b 



123 ~ J 123 



^123 — 



1 



1 



S — Si 



1 



S — Si 



C123 



S — Si 



2 -i7r + 



S — Si 



[-^Sm ~ -^Slm] ) "^123 — 0, 
2 2 



+ 2L,^-2L,,^+z7r(L,^-L,,^) 



2.8 Four-propagator integrals 
2.8.1 Scalar 



'1245 



'2345 



dxdy 



Xln 



X-ln 



[xyxi - yt] [ym? - xyx'i] XiX'i 
2^xi^^xi. + 2L^,„L,^ + 2L^;^L, + 4C(2) + 2z7r (l^,^ + L^,^ - 



1 dx 

1 

Sif 



Ll. - Ls,^^ - 2L,,^L^,^ + 2L,,L,^ - 5C(2) 
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+ (2i^xi. - 2i^t. - '^Ls,. + Lx,) + In £ (-2L^,^ + 2L,^ - - In^ 

lib 



^2 }^ 

m 



= —\-Ll +-Ll -Ls Lx -2Ls +2Ls Lt + 7C(2) 

+ (2^x'.„ - 2^*. + LxJi - In^ £ - In £ (l,^ + 2L,;^ - 2L,„ 



— 4i7r 



'1235 



1 dx 



1 



12,2 _ 1^2 , 1^2 



+ ^^'i. - 2i^..i^xi. + ^..^A. - 5C(2) + 2Li2 (l - 7) + ^^(-2i^, 

2i7r) 



11234 



Aim 


-L 


m 


-T 




[4- (3 







Xlm 



+ In 



p2 



-2^X1 



SiXi 



-11^ - IlI +1l2 



- ^^'1. + 2^.i.^xU - ^^-^A. - 7C(2) - 2Li2 (1 - ^) + ^^(2i>., - 2L,,„ 



- 2^x1. + LxJ - In^ £ + In £ (-2L,,^ - 2Ly^^ + L,^ + 4z7r) 
Useful integrals 

2 



(61) 



"1 dx 

/o 7^ 

'■1 da; 

/o 1^ 



Inx = 



idx /P^ 



1 A* 

-L^^ + In Vm 

m 

\l% - C(2) - zttL, 
-L^^ + 8C(2) + 2z7rL,^ + 21n2^ 
_lr2 _1l2 + 8C(2) - 2Li2 f 1 - 



2 In —Lg + iTT L^j^ 



^... + 21n^) 



(62) 



The vector, tensor four-propagator and pentagon integrals are the same as in 
the case of equal fermion masses. 



3 Self— energy and real— photon vertex corrections 

In this section the masses are taken into account. 



15 



Figure 2: Self— energy and real— photon vertex corrections to the incoming 
fermion 



i>\— 1^1 + m 



(63) 



Using well known expressions for the off-shell vertex function F and mass operator 
E, we obtain 



where 



_ a 



hpi. 



+ A2 hi 



u{pi), 



(64) 



A2 = 



2(xi - m2) 
1 

2(xi - m2) 
+ C(2) 



1 - 



Xl 



Xi-m 

,1 Q^2 



2 XI 



+ 



2x1 ~ Sm'^xi + 2m'' 
2xi(xi - ^2)2 



-Lio 



1-4 



(65) 




Figure 3: Self-energy and real-photon vertex corrections to the outgoing 
fermion 



(66) 



where 



2(xi + m2) 



1 - 



X'l 



X'l + m? V^^'i 



27r 
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Bo = 



2(x'i + m2) 
+ C(2)". 



2xf + Sm^x'i + 2m^ 



^7^ + 



2 r 



-Li2 1 + 



(67) 




Figure 4: Self— energy and real— photon vertex corrections to the incoming 
anti-fermion 



a 



\ kiP2 J 



where 



(68) 



Ci = 
C2 = 



m 



2(x2 - m^) 
1 



1 - 



X2 



X2 - m 
,1 0^2 



2 X2 



+ 



2xi - Sm'x2 + 2m' 



m 



2(x2-m2) ' 2x2(x2-m2)2 ' xl 



Li, ( 1 - ^ 



+ C(2) 



(69) 




Figure 5: Self— energy and real— photon vertex corrections to the outgoing 
anti-fermion 



^ 2n 



U{-P2), 



(70) 



where 



m 



2{x2 + m^) 



X2 



X2 + 
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1 2^^ + 3m^X2 + 2m 

2(x^ + m2) 2x'2(x'2 + m2)2 



m 

+ -12 
X2 



-L. 1 + ^ H-C(2) 



(71) 



4 Heavy— photon vertex diagrams 
4.1 Notations 




Figure 6: Heavy— photon vertex diagrams with real— photon emission 



Jl^ ^ I ^TJTT-VTTTTTV (72) 



(0) ^ k'- X\ (1) = (pi - kf - m\ (2) = (p; - ^)^ - m^ 

(g) = (pi-A;i-A;)2-m2. (73) 

4.2 Two-propagator integrals 
4.2.1 Scalar 

•^1 — Jm = -^A + 1, Ji2 — La — Lf^ + 1, J^q = La + 1 — L^^, 

Jig = ivA-1, J2g = La - i^t + 1. (74) 
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4.2.2 Vector 



J 01 



J 12 



J2q 



Pi 



_ 

■> •^02 — Pi 



1 \ M 

Pi - 



2. 



{pi+p'iY 
{p[+Pi-hY 



1 r 1 r 1 

— —-L/f, H — 

2 2 ' 4 



1 1 1 - 

2 4 2 



-La H Lt 

2 4 2 . 



4.3 Three-propagator integrals 
4.3.1 Scalar 



Joi2 — 


2ti 


-2Lx 


Joiq — 


1 


-Li 


Xl 
1 






Jo2q — 




L 


x'l + h 





-2LxLt, + Ll-2a2)], Juq 



2(x'i - Xl) 



Xl 



+ C(2) 



7-2 _ 7-2 



Xl 

t 



4.3.2 Vector 

Parameterization 



■^ifc = (^ijkPl + ^iifePl' + Cijkq". 



O012 = 

0'02q — 

C02q — 

0-12q — 

bl2q = 

Cl2q = 



^'012 — Coi2 — 0, 

tl 

[Xl-^lg + 2-Lj^;i — 2] , boiq — — Coiq = — [~Lxi + 2] , 

Xl Xl 



0, 6, 



'02q 



Xl 



x'l + ^1 



■^029 + 2 



{x'l + hr * (xi + ^i)^ 



t , t + ti . . t ^ 2 

Jl2q + 



Xl - Xl 

<^12g ~ '2l2g; 
tl 



(x'l - Xi)^^*' ^(x'l - Xi)^^* ^ x'l - Xl' 

tl 



Xl - Xl "^^^^ ^ ^ (xi - Xi)^ (xi - Xi)^ ^* ^ xi - Xi 
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4.3.3 Tensor 



(79) 



T 

9oi2 



a 



012 



1^ I J. 3 2^ _ ^ _ 1 1 



' '"012 ~ ^012 



7012 = 0. 



(80) 



T 
fl'oig 



Oolg 



T 
fl'02g 



%2q 



+ 



■4^X1 



1 3 r 
4 8' 



Joiq + 



Xl 



2X1 ' 



T _ _ T _ 



1 Xl 



2X1 
1 t 



^Xl + 



1 

Xl 



■ Poig ~ "Olq ~ o,. -^Xi 



2X1 



2X1 



"-^Xl ~ 7 / / , , X 



4x'i + ti 4(x'i + ti) 

Xi(t-xi) 1 (t^ + 2txi - Xl) 

■(Xi+ti)^ 2 (xi + ti)3 

^ - Xl Xl J 

2(x'i + ti)^ (X'l + ti)^ 



1 , 3 

4^^ +8' 



^Xl + 



t(t + 4xi) 
(Xi + ti)^" 



(81) 



-029 



T 
702g 



2xi + ^i 

t + 2xi 

2(x'i + ^i) 



^Xl + 



2(x'i + ^i) 

t + 2xi 



r 



02g — <^02g 



A 



T 

02g 



0, 



2 XI 



2(x'i + ^i)' 2(xi + ii) 



^2) 



T 
9l2q 



O1 On 



''12g 



buq 



^12g 

«12g = 



Pl2q 

T 
7l2g 



4xi - Xl 



(xi - Xl) 



1 t ^ 1 3 

; Lt + -La + -, 

4x'i-Xi * 4 ^ 8' 

{3t^ + 4tit - t^) 



3t^ 



2-^125 



2(xi - Xi)-^ 



(x'l - Xi)^ 
t{t - Ati 



Lt + 



At-ti 

(x'l - Xi)^' 
3ti 



(xi - Xi)^ 2(x'i - Xi)^ (xi - Xi)^ * (xi - Xi)^ 



3t? ^ (t'^ - Atit - 3tl) ^ (4ti-t) 



(xi - Xi)^^''' ^ (xi - Xi)^^"" ' 2(xi - Xi)=^ 



tit 



(xi - Xi)^ 
tit 



{t" + Atit + tl) t{t + 2ti) 

JUq ^7777 _ + "TT 



(xi-xi)^' 

(2i + ii) 



2(xi-Xi)^ 



(xi - Xl) 

'-I 

(xi - Xl) 



, , ti{5t + ti) ^ 



2(xi - Xl) 



3^*1 



(xi-Xi)^ (xi-Xi)^' 
i(i + 5ii) 3 t + ti 



2(xi-Xi)=' 2(xi-Xi) 



2' 



^ ti(t + 5ti) ^ , + 5tit + 2tl ^ 
r-'l2q — 77777 7~77-'^ti ^ TTT — 



2(xi-Xi)= 



2(xi-Xi)= 



20 



t-7ti 

4.4 Four-propagator integrals 
4.4.1 Scaleir 



Joi2q — — 

4.4.2 Vector 

Parameterization 



-L,Lt, + 2Lt,L^, - Ll - 2Li2 (l - ^) - C(2) 



^4) 



jQl2q = a012gPl + &012gPl' + CQi2qq^ ■ (85) 



a012q = ^[-(^lXl + ^Xi)>^129 + (xi+^l)^^029-Xl(x'l-^l)>^01q 

- +^l)(<^012 + Xl^012g)], 

boi2q = ^[(^iXi + tXl)Jl2q " (XlX'l + tlt)Jo2q " Xl (^1 " Xl)>^01q 

+ ^l(^l - Xl)(>^012 +Xl>^0129)], 

C012q = ^Hl(Xl + X'l)^12q + il(x'l+^l)'^029 + Xl^l'''"0l9 

- t?(^012 + Xl-^012g)]. (86) 

where d — —2tiXiXi- 

4.4.3 Tensor 

Parameterization 

J012q = 9ll2q9^'' + a012qPlPl + boi2qPTp'l + cll2q(f <f 

+ <2q{p'ip'n + (^l2q{pU''} + ll2q{Pm- (§7) 



9oi2q — 2 ["^^^q - XlC012g] , 

a012q = ^[(Xi + hf{J\2q " XlCoi2g) " (Xl^l + Xi^)«12g 

- Xi(x'i - ti)aoiq - ^i(xi + ^i)(aoi2 + Xiaoi29)], 

^0129 = ^[(^1 - Xl)^(-^12g - X1C0129) + {Xlh + Xlt)hl2q 

- (tit + XlXi)^02q + Xl(Xl - ti)hQiq 
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+ ti{ti - xi){aoi2 + Xibouq)], 

C012q = rff^l*^'^^^^ ~ 2XlCoi2g) - tl(x'l + Xl)Cl2q 

- hXlboiq + ti{ti + Xl)C02q], 

«012q = ^[-(^l^ + XlXi)(>^12<Z-XlC012q) + (x'l^l+Xl^)ai29 

+ - ^i)aoi<7 + ti{ti - Xi)(aoi2 + Xiaoi2g)], 

+ (^1 + x'i)^Co2g + Xi(xi - ti)boiq], 

7012q = d^^^^^^ ~ ti)(Jl2q " 2XlCoi2g) + (x'l^l + Xl^)ci29 

- (ii^ + xiXi)co29-Xi(Xi-^i)^oig]- (88) 
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